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Abstract 
    A design method is proposed to suppress stationary random vibration in flexible structures using 
a hybrid vibration absorber (HVA). While the traditional vibration absorber can damp down the 
vibration mainly at the pre-tuned mode of the primary structure, active damping is generated by the 
proposed HVA to damp down all resonant modes of interest of the vibrating structure and the spatial 
average mean square motion of the vibrating structure can be minimized.  Only one absorber and one 
feedback signal are required to achieve global vibration suppression of a flexible structure under 
stationary random excitation.  A special pole-placement controller is designed such that all vibration 
modes of the flexible structures become critically damped.  It is proved analytically that the 
proposed HVA damps the vibration of the entire structure instead of just the attachment point of the 
absorber. The proposed optimized HVA is tested on a beam structure and it shows a superior 
performance on global suppression of broadband vibration in comparison to other published designs 
of passive and hybrid vibration absorbers.  
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1. Introduction 
Dynamic vibration absorber (DVA) is a passive resonator mounted on a primary system. For tonal 
vibration, DVA can be pre-tuned to the resonant frequency of the primary vibrating structure or the 
disturbance frequency to effectively control the structural vibration, however, its excellent vibration 
control performance is restricted to tonal vibration only [1, 2]. In practice, the resonant frequency of 
the primary structure or the disturbance frequency may change from time to time but the traditional 
DVA lacks the ability to automatically adjust its absorption frequency. To tackle this problem, 
adaptive DVA, which has self-adjusting ability on its absorption frequency with a traced frequency 
signal, has been proposed and a comprehensive review on the adaptive DVAs can be found in the 
report of von Flotow et al. [3]. Adaptive DVA can adaptively adjust its absorption frequency by 
varying its tunable passive parameters. However, adaptive DVA can only perform well on vibration 
control with slow time-varying disturbance frequency. To improve the effectiveness of the vibration 
absorber on control of the structural vibration excited by random disturbance, active vibration 
absorber (AVA) has been developed. The AVA makes use of the active element to generate a force to 
counter-act the exciting forces acting on a vibrating structure in order to reduce the vibration of the 
controlled structure [4]. However, the drawback of this design is that all counter-acting efforts are 
created by the active element and therefore the power consumption and the size of the active actuator 
become very large in case large structural vibration control is necessary [3, 5, 6].  
To reduce the large counteracting force requirement from the actuator, active element such as 
electromagnetic actuator [7] or piezoelectric actuator [8] is integrated with a passive DVA to form a 
hybrid vibration absorber (HVA). This design can utilize the inertial force generated by the passive 
components as part of the counter-acting force to the excitations of the vibrating structure. Therefore, 
the control effort and the power requirement of the counteracting actuator can be greatly reduced [6]. 
The idea of mounting a lightweight mass damper to reduce oscillating motions of structures like ships 
or buildings has been thoroughly investigated in late 1980's and early 1990's. In the literature, an 
excellent review paper on the HVAs can be found [9]. Different types of controller designs have been 
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reported ranging from delayed resonator [10], feedforward controller [11], optimal feedback 
controllers [12, 13], PID controller [14], fuzzy logic [15] and neural network controllers [16], and 
active resonator [17]. HVAs have been implemented in different applications including buildings 
[18-24], vehicles [25,26], machinery [27] and space structure [28]. The major limitation of the HVA 
designs found in literature are that they are designed for suppressing narrowband 
[7,8,10,12,16,17,25-29,30] or broadband vibration [11,13-15,18-24,31] of a structure at one point only 
and other parts of the controlled structure may still vibrate severely at the resonant frequencies [30].    
A new design method of HVA is proposed in this article aiming to suppress broadband vibration 
of the whole structure instead of just one point of the structure. To the knowledge of the authors, this 
is the first report on the design method of HVA aiming to control vibration on the whole structure 
under broadband excitations. The design and control method of the proposed HVA are described in the 
following. 
  The hardware design of the proposed HVA is illustrated in Fig. 1. It has a rotational spring in form 
of a small thin beam with a lumped mass fixed on the free end of the beam [2]. The active component 
is assumed to be a piezoelectric actuator pair connected in opposite phase to act as a moment actuator. 
As illustrated in Fig. 1, this hardware design makes the HVA simple and symmetrical to its connecting 
rod.  The feedback sensor is a piezoelectric sensor which can measure the rotation of the beam at the 
attachment point. 
A novel pole-placement controller is designed using the solution of a Bezout equation in order to 
assign tunable poles to the closed-loop control system. The poles of the closed-loop control system 
are assigned such that all vibration modes of the flexible structure become critically damped. It is 
proved analytically in the following section that the proposed HVA damps the vibration of the entire 
structure instead of just the attachment point of the absorber. The proposed optimized HVA is 
numerically tested on a beam structure and it shows a superior performance on global suppression of 
broadband vibration in comparison to other published designs of passive and hybrid vibration 
absorbers designed for similar propose. 
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2. Theory 
  A design method of a HVA is proposed in the following to generate active multi-modal damping in 
a flexible structure in order to suppress vibration of the whole structure. A simple example of the 
flexible structure would be a cantilever beam as shown in Fig. 1. Its angular and linear displacements 
are denoted as ),( tx  and ),( txw  respectively. The HVA consists of a rotational spring and a 
moment actuator mounted on the beam at point x = xa as illustrated in Fig. 1.  The angular 
displacement of the beam at the actuating point is denoted as ),( txaa   . The angular 
displacement of the rotational spring of the HVA is denoted as )(t . It is assumed that the externally 
excitation can be written as r(t)g(x), where g(x) is a deterministic function of x, and r(t) is a stationary 
random time function. The beam is assumed to satisfy the Euler-Bernoulli hypothesis for 
displacement and Kelvin-Voigt damping hypothesis [32]. The dynamic equations of the coupled 
system may be written as: 
     ,)()(),(),(),(
x
xxtM
xgtrtxwEItxwCItxw a
     Lx 0  (1) 
)()]()([)( act tMttktM a     (2) 
)()( tMtJ    (3) 
  Equation (1) models the vibration of the beam due to the external force and the reaction from the 
HVA [30]. In Eq. (1), )( axx   is the Dirac delta function;  , C, E and I are the mass per unit 
length, damping coefficient, Young’s modulus and second moment of area of the cross section of the 
beam respectively.  Equation (2) models the coupling moment )(tM  with its active part )(act tM  
generated by the piezo-electric actuators and the passive counterpart from the rotational spring of 
stiffness k of the HVA.  Equation (3) relates the moment )(tM and the angular acceleration )(t  
of the HVA where J is the second moment of inertia of the HVA. 
  The solution of Eq. (1) may be expanded in a Fourier series written as 
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where )(ti  represents the ith modal coordinate and )( xi  is the ith eigenfunction of the beam.  
Angular displacement of the Euler-Bernoulli beam may be written as 
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Considering the orthogonality relations of the eigenfunctions, we may write 
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The local modal decomposition is made possible by inner products written as [33] 
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  In Eqs. (5a) and (5b), i  and i  denotes the damping ratio and the natural frequency of the beam 
at the ith mode. Using Eqs (4a), (4b), (5a) and (5b), equation (1) may be rewritten as  
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where xxgxd
l
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 Laplace transformation is applied to Eqs. (6), (2) and (3), a set of dynamic equations for the 
coupled system can be derived and written as 
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where )(sR , )(sH i , )(s  and )(sa are the Laplace transformation of r(t), )(ti , and )(t and 
)(ta  respectively, and ia  = )( ai x  . Taking Laplace transformation of Eq. (4b) and using Eq. (7), 
the angular displacement of the beam at the sensor location may be written as  
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Using Eqs. (8) and (9) and eliminating )(s , we may write 
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where )(act sM  is the active moment generated by the pair of piezo actuators written as 
 )()()(act ssGsM a .  (12) 
)(sG  is the transfer function of the active controller of the HVA to be discussed later. 
Substituting Eq. (12) into Eq. (11), we may write 
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The linear displacement response at any location x on the beam W(x, s)/ R(s) is derived in Appendix I 
and it is written as 
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Equations (14) and (15a) have the same denominator meaning the transfer function of the feedback 
signal has the same closed-loop poles with transfer functions of all signals measured anywhere on the 
beam when subject to a feedback control law of Eq. (12).  The HVA affects the dynamic response of 
the whole beam by modifying the closed-loop characteristic equation 
  0)()()()( ''2  sGksBssKsA aa .  Equation (15a) represents the frequency response of the 
beam with a passive dynamic vibration absorber if we turn off or remove the active control element of 
the HVA, i.e. by setting 0)( sG in Eq. (15a). 
 
3. Design of the Pole-placement Controller 
The proposed principle of achieving global vibration control of a flexible structure is to introduce 
active damping to the entire structure. The method of introducing active damping is by constructing a 
prototype polynomial, which consists of tunable roots, to be a designated denominator of the 
closed-loop transfer function of Eq. (15a).  
The active controller is proposed as  
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It can be seen in Eq. (17) that components of the active controller, )(sP  and )(sU , now become 
parts in the denominator of the closed-loop transfer function.  It is proved in Appendix II that Q(s) 
and s2Ba’a’(s) are co-prime such that means no common roots are shared by Q(s) and s2Ba’a’(s). The 
polynomials U(s) and P(s) constituting the control function may be found from a Bezout equation [34] 
written as  
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polynomial used as the designated denominator of the closed-loop transfer function as shown in Eq. 
(17).  It can introduce 4m+3 tunable poles to the closed loop control system. 
Expanding the left hand side of Eq. (18) to be a polynomial of degree 4m+3 and equating the 
coefficients of sn terms where n = 0,…, 4m+3. We have 4m+4 equations written as the following 
matrix-vector representation:   
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where the matrix in Eq. (19), known as the Sylevester resultant matrix [34], is non-singular since  
)(sQ  and )(''
2 sBs aa are coprime such that they don’t have any common roots.  Coefficients of 
)(sU  and )(sP  can be obtained by calculating and multiplying the inverse of the square matrix of 
Eq. (19) on both sides of Eq. (19), i.e. 
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The controller transfer function )(sG  can then be constructed according to Eq. (16) using )(sU  and 
)(sP .   
Let iRt  and 
*
iRt  represent the ith pair of complex conjugate roots of the prototype 
polynomial )(sT in Eq. (18) where iRt = jii ba   and *iRt = jii ba  , and 1j2  . The 
prototype polynomial )(sT is prescribed to modify the active damping ratio i  written as 
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where ni and i  are, respectively, natural frequency and damping ratio of the ith natural mode of 
the combined system. It can be readily shown that *22 iiiini RtRtba   and 
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ii
i
ba
a

. 0Rt  is an extra root assigned to the prototyping polynomial for solving Eq. (20) . 
Generally, 0Rt can be any arbitrary real value but it should be located at the negative region of the 
complex plane for stability criteria. The idea is to introduce critical modal damping to all the vibration 
modes of the vibrating system required to be controlled, i.e. i = 1, which may provide the best 
attenuation performance for a vibration control system.  Active damping of damping ratio  i  > 1 
is not considered because the ith complex conjugate pair of poles will be transformed to a pair of real 
poles, with one pole moving away from the imaginary axis and another migrating towards the 
imaginary axis and that would reduce the stability of the whole system [29]. 
 Using Eq. (17), the closed-loop frequency response function at any location x of the vibrating 
beam may be written as 
)j(
)j()j()j()]j()j()j([
)j(
)j,( 22




T
PBUBkBK
R
xW xd   (22) 
The global vibration control of the vibrating beam will be measured from the spatial average power 
spectral density which is defined as 
  xRxW
L
S
L
w d|)j(/)j,(|
1
0
2  ,  (23) 
and also the spatial average mean square motion defined as 
  dd|)j(/)j,(|2
1
0
22  


 xRxW
L
l
w , (24) 
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4. Simulation Results and Discussion 
4.1  Case 1: Compare to the traditional passive dynamic vibration absorber 
To test the performance of global vibration suppression of a flexible structure of the proposed 
HVA, the numerical case studied by Jacquot [35] was analysed using the proposed HVA and the 
results were compared to those obtained by Jacquot.  Jacquot analysed the vibration absorption of a 
cantilever beam using a traditional vibration absorber and he concluded that the spatial average mean 
square motion of the cantilever beam can be minimized if the mass ratio and damping ratio of the 
absorber are set to 0.25 and 0.5 respectively. The excitation in Jacquet’s numerical example is a 
uniformly distributed load of white noise. The eigenfunctions may be written as 
 )cosh()cos()sinh()sin()( xxxxx iiiiii   ,  i = 1,2,3…  (25) 
where 
)sinh()sin(
)cosh()cos(
LL
LL
ii
ii
i 
 
  is a constant and i  is the eigenvalue of the ith vibration mode 
of the beam. The eigenvalues of the first five modes are 1.875/L, 4.694/L, 7.854/L, 10.995/L and 
14.137/L.  The resonant frequencies can be expressed by 
4
2)(
l
EI
Lii   .  In this case, 
i
L
ii xxgxd  /2d)()(0   ,  i = 1,2,3…    (26) 
The excitation was stationary and random in time and it was uniformly applied on the beam, i.e. 
1)( xg .  In the analysis made by Jacquot [35], the attachment position of the absorber on the beam 
was Lxa  . The mass ratio and damping ratio for minimum mean square motion at the attachment 
point were found to be 0.25 and 0.5 respectively by Jacquot. In the current analysis, the same mass 
ratio was used so that the result of vibration suppression could be compared to that of Jacquot. Using 
the present theory of the proposed HVA, the vibration amplitude response at any point x of the beam 
was calculated according to equation (22). The spatial average mean square response 2w  with 
different values of active damping of damping ratio ranging from 0.17 to 1 were calculated according 
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to Eq. (24) and the results are plotted in Fig. 2 for checking of the effect of active damping on the 
vibration suppression of the beam. It shows that critical damping introduced to all the vibration modes 
of interest of the combined system leads to minimum spatial average mean square motion of the beam. 
The spatial average spectral density of the vibration amplitude response was calculated according to 
Eq. (23) and it was plotted in Fig. 3 and compared to the corresponding curve by Jacquot (equation 31 
and figure 4 of Ref. [35]). It is found numerically that the spatial average mean square motion of the 
beam with the proposed HVA was found to be 81% lower than that obtained by Jacquot. It shows that 
active damping is significantly more effective than passive damping used in the traditional dynamic 
vibration absorber.  
 
4.2  Case 2: Compare to a traditional HVA with PID control 
To test the performance of the pole-placement controller of the proposed HVA optimized for 
global vibration suppression of a flexible structure, the numerical case studied by Yuan [31] was 
tested by applying the present theory and the result was compared to those obtained by Yuan.    The 
vibrating beam considered by Yuan was a cantilever beam excited by a point force which is a white 
noise of unit amplitude applied at 0.2 L.  In this case,  axxxg  )(  where ax = 0.2 L and 
)2.0(d)()(
0
Lxxgxd i
L
ii    ,  i = 1,2,3…    (27) 
Simulations were conducted to test the control performance of the proposed HVA when applied 
to a cantilever beam for global control of broadband vibration. The simulation results were then 
compared with a PID controller proposed by Yuan [31]. Its eigenvalues of the first five modes are 
1.875/L, 4.694/L, 7.854/L, 10.995/L and 14.137/L. The natural frequencies are 
EI
ii
2)( , 
where 
EI  is the beam characteristic parameter assumed to be 1. The damping ratios of all 
vibration modes were assumed to be 0.002. The feedback sensor was separately collocated with the 
HVA, and coupled with the beam at the end position, xa = L. The natural frequency of the passive 
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components of the HVA is tuned to the first natural frequency of the cantilever beam. In the PID 
controller, critical modal damping was introduced to entire cantilever beam by the active elements.  
The spatial average mean square response 2w  with different values of active damping of 
damping ratio ranging from 0.17 to 1 were calculated according to Eq. (24) and the results are plotted 
in Fig. 4 for the checking of the effect of active damping on the vibration suppression of the beam. It 
shows that critical damping introduced to all the vibration modes of interest of the combined system 
leads to minimum spatial average mean square motion of the beam.   
Figure 5 plots the PSDs of the vibration amplitude response |)(/),(|  jRjLW  at the 
attachment point of the absorber for the cases of pure beam, beams with the proposed HVA and HVA 
with PID controller [31], respectively. As shown in Fig. 5, both the proposed HVA and HVA with PID 
controller [31] are effective in suppressing all the resonant vibration at the attachment point (x = L).  
The resonant vibration amplitudes at the attachment point are reduced by about 20dB if the proposed 
HVA is used while those are reduced by 40dB or more if the HVA with PID controller [31] are used.  
Figure 6 plots the PSDs of |)(/),4.0(|  jRjLW  which is not at the attachment point of the 
absorber.  It compares the cases of using the proposed HVA and the HVA with PID controller [31]. In 
Fig. 6, the proposed HVA can suppress all the resonant peaks in the response spectra but the HVA with 
PID controller [31] is effectively only at the pre-tuned mode of the absorber.  
Referring to the closed loop transfer function Eq. (A2) of Appendix A, the numerator but not the 
denumerator of Eq. (A2) depends on the position x because the terms xdB  and B are functions of x.  
Therefore, one may conclude that the closed loop transfer function of the vibrating structure under 
control have the same set of closed-loop poles but different sets of closed-loop zeros at different 
position of the dynamic structure.   
Using the method of references [14] and [31], one may design a controller to place closed-loop 
zeros and poles simultaneously for one transfer function with sensor-actuator collocation. The results 
are excellent as shown in Fig. 5 (dotted line as compared to the solid line). However, that controller 
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introduces negative effects to transfer functions to other sensor points, such as the one shown in Fig. 6 
(dotted line). The controller of references [14] and [31] shifts closed-loop zeros more significantly 
away than the controller of the present theory, as shown in Fig. 6 (dotted line as compared to the 
center line). 
  According to the procedure described in Section 3, the closed-loop transfer function of the 
controlled system have 4m+3 poles and 4m+1 zeros where m is the number of the vibration modes of 
the dynamic structure required to be controlled. Figures 7 and 8 show the locations of poles and zeros 
of the cantilever beam at locations 0.4L and L in cases with the proposed HVA and with no absorber 
added. Figure 7 clearly demonstrates that closed-loop poles introduced by the proposed controller are 
critically damped. Figures 8a and 8b plot two sets of closed-loop zeros of transfer functions to sensor 
locations L and 0.4L respectively in comparison with open-loop zeros. 
The objective of the present theory is to suppress the mean square motion of N sensor points 
(corresponding to N different transfer functions with N-sets of closed-loop zeros). With available 
control theory found in literature, it is extremely difficult, if not impossible, to place N sets of 
closed-loop zeros simultaneously via a single actuator in addition to pole-placement. Therefore the 
focus in the proposed control method is the spatial average mean square motion of N sensors, which is 
equivalent to the area of spatial average spectral density x
jR
jxW
L
L
d
)(
),(1
0
2
 

 plotted with center line 
in Fig. 9 and minimized by the present theory. This is a result that has never been reported in the 
literature. The additional reduction of the spatial average mean square motion of the beam in using the 
proposed HVA is found numerically to be 91% relative to the case of using the HVA with PID 
controller [31].  This shows that the proposed HVA is much more effective in suppressing global 
vibration of vibrating structure under broadband excitations than a traditional design of HVA using a 
PID controller [31]. 
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5. Conclusion 
      A design method is proposed to suppress stationary random vibration in flexible structures 
using a hybrid vibration absorber (HVA). Multi-modal active damping is generated by the proposed 
HVA to damp down all resonant modes of interest of the vibrating structure and the spatial average 
mean square motion of the vibrating structure can be minimized.  To the knowledge of the authors, 
this is the first report on the design method of HVA aiming to control vibration on the whole structure 
under broadband excitations. It is proved analytically that the proposed HVA damps the vibration of 
the entire structure instead of just the attachment point. The proposed HVA is tested on a beam 
structure and it shows a superior performance on global suppression of broadband vibration in 
comparison to other published designs of passive and hybrid vibration absorbers. The proposed design 
method would be useful to the researchers and engineers who are interested in vibration absorbers. 
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Appendix B 
To prove that Q(s) and s2Ba’a’(s) have no common root, we consider that if there exists a common root 
at s = sc such that Q(sc) = sc 2Ba’a’(sc ) = 0. Recall that 
)()()()( ''
2 sBkssKsAsQ aa    (B1) 
where 
J
k
ssK  2)( ,    1 22 2)( i iii sssA  , and (B2) 
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Substituting css  into Eq. (B1), we have  
 )())(()( ''
22
caacccc skBs
J
k
ssAsQ  . (B4) 
Q(s) and s2Ba’a’(s) have a common root cs implying 0)()( ''
2  caacc sBkssQ and therefore  
))(( 2
J
k
ssA cc   = 0  (B6) 
The roots of Eq. (B6) are 
cs = 
222
iiiii   , i = 1,…, m  or cs Jk /j  where  j 2 = -1. (B7) 
Substituting these values of cs into sc
 2Ba’a’(sc ) would not lead to zero.  Therefore the initial 
assumption of the existence of common root at s = sc such that Q(sc) = sc 2Ba’a’(sc ) = 0 is invalid.
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Figure Captions: 
Fig. 1. Schematic of a cantilever beam under external force function f = r(t)g(x) and carrying the 
proposed hybrid vibration absorber (HVA) coupled at point x = xa. 
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              Yuan’s result [31];        present theory;       no absorber added. 
Fig. 6. Frequency response of 
)j(
)j,4.0(


R
LW
 of a cantilever beam with xd = 0.2L and xa = L.  
              Yuan’s result [31];        present theory;       no absorber added. 
Fig. 7.  For transfer function from disturbance to sensor at any position  x  Lx 0 ,
)j(
)j,(


R
xW
. 
            closed-loop poles with present theory;   open-loop poles without absorber. 
Fig. 8. For the transfer function from disturbance to sensor 
)j(
)j,(


R
xW
at (a) x = L; (b) x = 0.4L.  
    closed-loop zeros with present theory;   open-loop zeros without absorber. 
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of a cantilever beam with xd = 0.2L and 
xa = L.      Yuan’s result [31];       present theory;      no absorber added. 
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Fig. 1. Schematic of a cantilever beam under external force disturbance f = r(t)g(x) and carrying the 
proposed hybrid vibration absorber (HVA) coupled at point x = xa. 
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 of a uniformly distributed loaded 
cantilever beam with xa = L, mass ratio = 0.25 and damping ratio = 0.5. 
            Jacquot’s result [35];       present theory. 
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Fig. 5. Frequency response of 
)j(
)j,(
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LW
of a cantilever beam with xd = 0.2L and xa = L. 
             Yuan’s result [31];        present theory;       no absorber added. 
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Fig. 6. Frequency response of 
)j(
)j,4.0(


R
LW
 of a cantilever beam with xd = 0.2L and xa = L.      
  Yuan’s result [31];        present theory;       no absorber added. 
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Fig. 7.  For transfer function from disturbance to sensor at any position x  Lx 0 , 
)j(
)j,(


R
xW
. 
  closed-loop poles with present theory;   open-loop poles without absorber. 
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Fig. 8. For the transfer function from disturbance to sensor 
)j(
)j,(


R
xW
at (a) x = L; (b) x = 0.4L.  
  closed-loop zeros with present theory;   open-loop zeros without absorber. 
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Fig. 9. Spatial average spectral density x
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L
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d
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
of a cantilever beam with xd = 0.2L and 
xa = L.      Yuan’s result [31];       present theory;      no absorber added. 
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